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Let A be a Latin square of order n. Then the jth right diagonal of A is the set 
of n cells of A: 
{(i, j + i): i = 0, l,..., n - l(mod n)}; 
and the jth left diagonal of A is the set 
{(i, j - i): i = 0, l,..., n - l(mod n)}. 
A diagonal is said to be complete if every element appears in it exactly once. 
For n = 2m even, we introduce the concept of a crisscross Latin square which 
is something in between a diagonal Latin square and a Knut Vik design. A 
crisscross Latin square is a Latin square such that all the jth right diagonals 
for even j and all the jth left diagonals for odd j are complete. We show that a 
necessary and sufficient condition for the existence of a crisscross Latin square 
of order 2m is that m is even. 
1. IN-I-RoDuCTI~N 
A Latin square of order n is an n x n matrix such that each element in a 
set of n elements appears exactly once in each row and each column. We 
index the rows, the columns, and the n elements by the set N = (0, l,..., n - l}. 
Let A denote a Latin square. Then the jth right diagonal of A is the set of n 
cells of A: 
{(i,j + i): i = 0, l,..., n - 1} 
and the jth left diagonal is the set 
{(i, j - i): i = 0, l,..., n - l}, 
where additions and subtractions are all mod n in this paper unless otherwise 
specified. A diagonal is said to be complete if it consists of the set N. 
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A Latin square A is called a diagonal Latin square if both its 0th right and 
(n - 1)st left diagonals are complete. A is called a Knut Vik design if every 
right and left diagonal of A is complete. It is known [l, 2, 51 that a necessary 
and sufficient condition for the existence of a diagonal Latin square of order 
n is n > 3. It is also known [3,4] that a necessary and sufficient condition for 
the existence of Knut Vik designs of order n is that n is not divisible by 2 or 3. 
By the set of even (or odd) right (or left) diagonals, we mean all the jth 
right (or left) diagonals with j even (or odd) where zero is always considered 
to be even. Let A be a Latin square of order n where n = 2m is even. Then 
the union of the set of even right diagonals and the set of odd left diagonals 
consists of every cell of A exactly once. We call A a crisscross Latin square 
if all its even right diagonals and odd left diagonals are complete. Therefore, 
a crisscross Latin square is something in between a diagonal Latin square and 
a Knut Vik design, but is defined only for even order. In this paper, we show 
that a necessary and sufficient condition for the existence of a crisscross 
Latin square of order 2m is that m is even. We give a simple and direct 
construction whenever a crisscross Latin square of order n exists. 
2. THE MAIN RESULT 
We first give a theorem which transforms the original problem into a more 
manageable form. 
THEOREM 1. A crisscross Latin square of order n = 2m exists $ and only 
if there exists a pair (X, Y), X = (x, , x1 ,..., xz,,-J, Y = ( y0 , y1 ,..., yzrnJ 
satisfying the following conditions: 
(i) X and Y are permutations of the set (0, l,..., 2m - 1). 
(ii) {xj - yi: xi = yi (mod 2)) = (0, 2 ,..., 2m - 21. 
(iii) {xj + yj: xj $ yj (mod 2)) = (1, 3 ,..., 2m - 11. 
Proof 
Necessity. Let A be a crisscross Latin square of order 2m. Let (xj , yj) be 
the cell containing the element 0 in the jth right (or left) diagonal ifj is even 
(or odd). Then from the definition of crisscross Latin square, the pair 
(X, Y) = ((xi, yj): .j = 0, l,..., 2m - 1) clearly satisfies the conditions of 
Theorem 1. 
Suficiency. Let X0 = (x0, x1 ,..., xZnzM1) and Y” = (y, , y1 ,..., y,,-,) be 
a pair satisfying the conditions of Theorem 1. Let A be a square matrix of order 
2m. Suppose we assign the element 0 to the n cells (xj , yj), j = 0, I,..., 2m - 1, 
of A. Then it is clear that each row, each column, each even right diagonal, 
and each odd left diagonal contains the element 0 exactly once. Now if we 
CRISSCROSS LATIN SQUARES 313 
can find 2m - 1 more pairs (Xi, Yd), i = 1, 2,..., 2m - 1, all satisfying the 
conditions of Theorem 1 and furthermore, if the n* cells from the 2m pairs 
(Xi, Yi) are all distinct, then by assigning the element i to the cells in (Xi, Yi), 
we obtain a crisscross Latin square. 
We now give 2m such pairs. Let 
and let 
(Xi, Yi) = (X0 + i, Y”) for i even, 
(Xi, Yi) = (i - x0, Y”) for i odd, 
where c f Xk means that c is added to every number in &Xk. Then it is 
clear that each pair (Xi, Y*), i = 0, l,..., 2m - 1, satisfies the conditions of 
Theorem 1. Furthermore, in each column the cells in the pairs (X*, Yi) for 
even i occupy all the even (or odd) positions and the cells in the pairs (Xi, Yi) 
for odd i occupy all the odd (or even) positions. Therefore the n2 cells in the 
2m pairs are distinct. 
We are now ready to prove the main result of this paper. 
THEDREM 2. A necessary and suficient condition for the existence of a 
crisscross Latin square of order 2m is that m is even. 
Proof 
Necessity. Let (X, Y), X = (x0 , x1 ,..., xZm-J, Y = (y, , y1 ,..., y2+J, 
be a pair satisfying the conditions of Theorem 1. Without loss of generality, 
assume 
xi = y,(mod 2) for i even, 
xi + yi(mod 2) for i odd. 
Then 
zm-1 m-1 m-1 
z. j = z. (X2j - Y2d + z. @2j+1 + Y2d 
2m-1 2m-1 m-1 
= z. xj + z. Yj - 2 iXo Y2j 
2m-1 m-1 
= 2 jzo .i - 2 C Y2j ; 
j=O 
or equivalently, 
m-1 2m-1 
2 ,Fo hi = C j = m(2m - 1). 
j=O 
Since 2CTJ1 Y,~ is even, m must be even. 
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SufJiciency. For m even, let (X, Y) = ((xj , yJ: j = 0, l,..., 2m - 1) 
consist of the following cells: 
(Xi 5 Yi) = c?L~) forjevenandm- 1 >j>O, 
(x9 , yj) = (2 + 1, j + 1) forjevenand2m- 1 >j>m, 
(xj,yj) =(2j+ 1,2m- 1 -j) forjoddandm- 1 >j>O, 
(xi , vi) = (2, 2m - j) forjoddand2m- l>j>m. 
Then it is easy to verify that the pair (X, Y) satisfies the conditions of Theo- 
rem 1. 
Theorem 2 now follows immediately from Theorem 1. 
3. EXAMPLES 
In this section we give crisscross Latin squares of the three smallest orders 
constructed by our method. Let C, denote a crisscross Latin square of order 
n = 2m. 
EXAMPLE 1. m = 2. 
0 X Y =0231’ ( 0 3 1 2 1 
EXAMPLE 2. m = 4. 
(“1 ( 03471256 Y =06245371’ > 
c, = 
c, = 
EXAMPLE 3. m = 6. 
-0 2 4 6 7 1 3 5 
17532064 
24601357 
31754206 
46023571 
53176420 
60245713 
-7 5 3 1 0 6 4 2. 
0 3478111256 910 
=010284 6759311 1’ )
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G2 = 
-0 2 8 6 4 10 11 1 7 5 3 9- 
1 11 5 7 9 3 2 0 6 8 10 4 
2 4 10 8 6 0 1 3 9 7 5 11 
3 1 7 9 11 5 4 2 8 10 0 6 
4 6 0 10 8 2 3 5 11 9 7 1 
5 3 911 1 7 6 4 10 0 2 8 
6 8 2 0 10 4 5 7 1 11 9 3 
7 5 11 1 3 9 8 6 0 2 4 10 
8 10 4 2 0 6 7 9 3 1 11 5 
9 7 1 3 5 11 10 8 2 4 6 0 
10 0 6 4 2 8 911 5 3 17 
Lll 9 3 5 7 I 0 10 4 6 8 2. 
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